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Stability of plane resonance rotations of a satellite in an elliptic orbit are in-
vestigated using the method of Poincaré, It is shown that resonances of the
type k:2(k is an integer) are determined by the first approximation  with
respect to the small parameter, while resonances of type k:4 and of types &
:3 and k:6 are determined, respectively, by the second and third approxi-
mations. The effect of tidal moments on the existence and stability of plane
resonance rotations is investigated.

1. Let us consider the equation of plane oscillations of a satellite in an elliptic
orbit [1] 9 ” .
. . N . .

(1 —l—ecosv)W—Zesmv—W—f——z—ngG:2esmv (1.1)
where O is the angle between the radius vector of the satellite center of mass and its
principal axis of inertia which lies in the orbit plane and corresponds to the moment
of inertia C, v is the tue anomaly, e is the orbit eccentricity, n* =3 (4 —
C)/ B, and A, B, and C are the principal central moments of inertia of the
satellite, We assume that n? > 0,

We attribute to motions of class % : m satellite rotations of the form [2]

=vk—m)/m+ ¢ (v) (1.2)
where k is an integer, m is a natural number and K and m are relatively prime num-
bers; @ (v) is a periodic function of period 2sm. In the course of ms tumns a-
round the planet the satellite in motion (1,2) makes ks turns about an axis perpendi-
cular to the plane of ombit,

Equation (1. 1) was the subject of detailed investigation (see, e.g., [2 —10]®).
Resonaces of the type % : 2 were revealed in [3 —5] by asymptotic methods, Reson-
ances 9 : 4and 7 : 4were numerically determined in [2], and periodic solutions of
Eq. (1.1) were investigated in [6 —8]. We shall use Poincaré’s method of the small
parameter [11,12] for determining resonance motions of the satellite,

We substitute variables

2, =20 —2v(k —m)/m, =z =2z (1.3)

*) Sarychev, V, A, and Zlatoustov, V. A., Periodic oscillations of a satellite in the

elliptical orbit plane, Preprint Inst, Prikladnoi Matematiki Akad. Nauk, SSSR, No.
48, Moscow, 1975,
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and introduce the small parameter p = — pn2, assuming that (4 — C) / B < 1.
The substitution (1.3) transforms Eq. (1. 1) into a quasi-linear system with period-
ic coefficients of period 27 of the form
dz, 14

— = T (1+ecosv)—%2-:2esinv(x2+2+—q—)+ (1.4)

§sin (%v + xl)

where p is an integer, q is a natural number, p and g are relatively prime numb-
es, and p/q =2k — m)/ m.

The satellite resonance motions are determined by the periodic solution of system
(1.4) of period 2mq , which for p = 0 will be called the generating system, It
has a periodic (generating) solution z,°, z,° of 2m -period which depends on the
arbitrary parameter o & [0, 2n) of the form

20 (v, @) =+ (p/ g +2) (V) —v) (1.5)

o (1 _ ez)’/z . )
z2° (V) = ('Z‘*z)( e M

where T (v) = @, is the dimensionless time and ®, is the mean motion of the
satellite,

Let us fix the arbitrary value of parameter . The periodic (of 2mg -period)
solution of system (1.4) with initial conditions

2, =z, (0, @) + By = @ + Py, z, = 2y’ (0) + By
will be sought in the form
2 =3 (b, By B2y @, ), 1 =1,2 (1.6)

where B, (1, @) and Py (u, a) are functions of parameter P that vanish when
p = 0. In accordance with Poincaré's theorem we represent solution (1.6) in the
form of series
g=z+ Dk D aiflp, BAEEREG =12 (LY
k=0  ,j=0

where the coefficients a§}2,- are determined from the solution of the problem

2 .
da) @ 9o 2esinv a4 fi; -8
v kijs dv ~ 1-Jecoswv kij "

afh(0) =1, afy(0) =1
a®; 0) =0, (k, i, /) 5= (0,1,0);  ax;(0) =0, (ks i, j) = (0,0, 1)

where fy;; are polynomials are determined by preceding approximations with res-
pect to u . System (1.8) is integrated in quadratures. In the zero approximation

with respect to p we have
a@ =1, aff = (1 + & (1 — )72t (v) o
a? =[(1 +e) /(1 + ecosV)?
aln =0, (, m) = (0, 1), (1,0)
an =0, (G, m)# (0, 1)
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The condition of periodicity of solution (1. 6) is of the form
"pl (p" Blv ﬁ‘?n (1) = [xl] = O, I = 1,2
[:L'] = xlv:znq —Z |v=o

Taking into consideration (1. 9) we obtain

B =0t p D laih, s 1 p*Bip =0 (1.10)

» 3, =0
0, = [a$h1Bs, 03 =0
We determine B, and P, using system (1.10) under condition that f, (0, @) = 0
and B, (0,0) = 0. It follows from (1.10) that the Jacobian {0 (Y5, ¥a) / 9 (B,

Ba)lu=o = O and o
(a‘pl /aﬁz)uzo = [app ) >0 (1.11)

Taking into account (1.11) we solve the first equation of system (1,10) for B, . Wwe
have

62 = ﬁz (p‘v ﬁl? d-), 52 (01 01 a) =0 (1.12)

From (1. 12) and the second equation of system (1. 10) for the determination of PB; we
obtain an equation of the form [12]

Yo (1, B Ba(ws By ), @) = p' (Ps(0) + (dP,/do) p, + (113
O (u, B2) =0

where § is some positive integer,
The solution of Eq, (1.13) for B, exists when condition
P, (a) = 0 (1.14)
is satisfied,
To each parameter @ = a* determined by (1, 14) corresponds solution f§; (a*,
1), that is unique and analytic with respect to p, when a* is a simple solution of

Eq. (1.14), i.e.
G (1.14), i.e (dPy / dat)gegr # 0 (1.15)

Substituting the obtained values of P, and Py into (1.7) we obtain for ecach
parameter o = o* a unique periodic (of 2mq -period) solution of system (1.4),
which for p = 0 becomes the generating solution.

2. Let us investigate the stability of the obtained solution Z; (v, a*), z, (v,
«*) , and consider for (1,4) a system of equations in variations whose characteristic
equation in the Poincaré form is [11]
det || Xi; ll,= 8.0 =0, 2 =1, 2;4,j =1,2 C
Xi=1—0+09; /s Xyj =09 /0B; (i +])
which for p = 0 hastheroot p = 1 of multiplicity two, to which corresponds a
second order elementary divisor. According to [13] the roots of Eq. (2, 1) are to be
sought in this case in the form of series in powers of ||z, We shall seek a solu-
tion of the characteristic equation of the form

p=1+|pl2p, + | p["?K(n (2.2)
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where K (0) =0 and r is some positive integer, Assuming that p, 5= (0 and
taking into account (2. 2), we write Eq, (2. 1) in the form

2,3
IBF 0+ K@ — [ n oLy oy + K@) + 7y =0 7
I* = (a“’l / aﬁl "‘" 01}72 ] aﬂ2)ﬁi=‘ﬂia‘w ()]
Ty = (..‘?El_ﬁﬁ — o0 i%;)
* 0pr 0Bz OBa Py /=B, 0%
For stability of the periodic solution it is necessary in this case that |p | = 1,

i.e, p; Is pure imaginary. We shall show that in the case of stable motions the
quantity [, is of an order not higher than T with respectto p. Let [, =| u |*
¥ (n), where W (0)=0, a <7 . It then follows from (2. 3) that either p; =
0 or there exists root p, with a nonzero real part, which contradicts the selection
of p, and the condition of stability, Hence a > r. Let usshow that

dp, £ 2.4)
Ty = (=19 46 |o—ox 9Bs u=0+0(|p|3“) (

1t follows from (1, 13) that

My (1 By Bz (1, Byy @*), @*)/ 3By = (1) | n ' (@P, [ doJar +
O(jul [nfBy

On the other hand
AL __={a‘|33 R ) 352} 0By =_{a‘l’1/aﬂl}
9, 0B ' s 9B )’ 9By o1/ 9By
Braces in the last two equalities mean that after partial differentiation, (1.12) is
substituted for f, . Formula (2, 4) follows from the last three equalities. Note that
(2.8) and (2.4) imply that 7 = $. Equating the coefficients at | p |* in Eq. (2.3)
and taking into account {1, 11), we obtain the necessary stability condition of the form
(—1)* (@P; | do)gmer << O (2.5)
which is analogous to the sufficient condition of stability obtained in [14] for the case
when s= 1, andEq. (2. with p =0 has |p®|<<1 asoneroot and
—pM=1 as the other,

3. Letus pass now to finding the conditions of existence and stability of periodic
solutions of system (1.4) in explicit form and also to the derivation of these solutions.
Taking into consideration the results in [12] we seek a periodic solution of system(1.4)
in the form of formal series

Tz (v, 0) + ) To(v,a)pos i=1,2 3.1
Oe=1

where z;° (v, a) is the generating solution (1.5). If the equations
[Zam] =0, m=1,2,..., s—1 (3.2)
are identically satisfied with respect to o and equation
(236l = Ps (@) =0
determines the simple solution o¢ == a*, then system (1,4) has a unique periodic solu-
tion which in the neighborhood of p = 0. is analytic with respect to p .
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From (3, 1) and (1.4) we obtain for the determination ;s equations of the type
(1.8). Integration of these equations yields the following recurrent relationships:
by v
we® + rSY., dv — S Yo dv) + ¢

U 0

1 (3.3)
Ty = (1 _32)1/2(

v

Zog = '('{"_{_—eicgé—v)—.a(SYadV + Ct(rz))

0

Yo =FO{1 +ecosv)?, FO = {F}

O 1 [F
F©) — Z i {5;:1_’;} Z Z13, 1, - - L1y,
k=1 ikt i =01

F=sin(vp/gq+z)/(1-+ecoswv)

where ¢, are constants of integration, The functions in braces are determined by
the generating solution (1,5), For the determination of o* and constants of integra-
tion ¢q®) we use the conditions of periodicity of solution [z;5] = 0, I =1, 2;
o=1,2,....
Remark 1, System(1.4) is invariant with respect to the substitution
vov —2nq, x> +2nk/q, 5>z, (3.4)

where k is an integer. This means that if x, (v), Z, (V) is a solution of system
(1.4), then z, (v — 2nk) + 20k / q, 2y (v — 2nk) is also its solution, When
k£ is a multiple of ¢ these two solutions are identical, otherwise there are, generally,
none,

Remark 2. We introduce the notation P,*? = [x,,]. It follows from(3. 4)

that
041

P3(a) = D) Afdsin*+1acost-la, ¢ =1,2,...
K=1

where A4,s"? are some constants dependent on the orbit eccentricity.
It was shown by numerical methods for ¢ = 1, 2, 3 and m <T g that equality
(3.2) is identical with respect to «, and for m = ¢ it assumes the form

PP?(a) =ALsinga =0 (3.5)

The dependence of A,° / (4nt) and AgP / (12 n?) on the eccentricity is shownin
Fig. 1 by solid and dash lines, respectively, The solid lines I, 2, 3. correspond to
p =1, 5, 9; while the dash lines 7—5 relateto p =1, 2, 4, —2, —1.
Function AP (e) was obtained in [4]. For small e we have

P _ - -
AP ~ elpI,Azp ~ e2lpl-n, A7~ A2 ~ e, Ayt ~ Al ~ e,
A34 ~ €3

(3.6)

Note that ¢ = 1 corresponds to resonances of the type k:2, g = 2 to type
k:4 and g =3 totypes k:3 and k:6 (k isan integer relatively prime
to g). For zero eccentricity A, =0 only when p =0 and g = 1 (reson-
ance 1 :1 of the Moon type ); for remaining p and ¢ the conditions of existence
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of periodic solutions is identically satisfied, since A" = 0. When e =0 sys-
tem (1,4) is analytically integrable [9]; analysis of its solution leads to the conclusion
that motions of the type (1.2) on a circular orbit exist for any p and g¢; all of them,
except the resonance 1 : 1, are unstable,

We shall consider only such orbits for which A4 o 7 0. Equation (3,5) has the

solution
a* =0,n/q,...,Qq—1Nnlqg g¢g=1,2,3

which satisfies condition (1. 15).

To every o* corresponds a unique  2mg -periodic solution of system (1.4)
which for p = 0 becomes the generating solution. According to Remark 1 it is
sufficient to determine solutions that correspond to  a* =0 and o* ==xn/g,
since the remaining solutions are derived from these using the substitution (3. 4), Thus
solutions are divided in two classes that correspond to the indicated values of a¥*.

The necessary condition of stability assumes the form

(—1)?gqcos ga* AP <<0,9=1,23 (3.7

It follows from (3. 7) that when (—1)?4,” <C 0 the solutions of class a* = 1
/ q are unstable, and that condition (3.7) is satisfied for class a* = ( solutions,
when (—1)74,° > 0 solutions of class a* = ( are unstable and for class ot*
= m [ q (3.7) is satisfied,

Numerical calculations show that at least for the considered p and condition & <C
0.6, (—1)4 <0, and p >0, ¢ =1, 2, 3, when only solutions of class

a* = can be stable,

For negative p and increasing | p | thesign of (—1)?4,° altemates beginn-
ing from the positive., For example, for ¢ = 3 the quantity — A/” is positive for
p = —1, —4, —T7 and negative for p = —2, —5, —8. In the first case only
solutions of class a* = 7 / ¢ canbe stable, in the second only those of class
a* = 0.

Initial values of the periodic solution x; (0, a*), x, (0, a*) are calculated with
any required accuracy for fairly small u , using formulas

N
73 (0) = a* + lg} e’ nt 4 O (uh+)

N
) = (o 9 [G5 = 1]+ Y00

where ¢, are uniquely determined by the periodicity conditions [11]. Thus

27g
e?):ﬁ-q- § FO (1 +ecosvydv, I =1,2,3,. ..
Q0

Phase patterns of periodic solutions of system (1.4) are shownin Figs. 2 —5 for
o* = 0. Fig.2 comespondsto p = —0.1 and e = 0.2; resonances 5 : 4,
7:4and 9 :4 correspondto g =2, p =1, 3. 5 and initial conditions
z, (0) = —0.852, —1.138,—1.490. The phase pattern for resonance 11: 4,
appears in Fig.3 with ¢ = 2, p =7, ¢ = 0,02, and p = —0.4; for z, (0)
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we have in this case &, (0) = —0.486.  Fig.4 corresponds to resonance 7 : 6,
g=3 p=1e=002 p=—-0.01, and z,(0) = —0.0637. Resonance
oftype 4:3 isshowninFig.6for g =3, p=2, p = —0.01, ¢ = 0.02,
and x, (0) = ~0.0926.

Initial values of x, (0) for a* = 0 for certain resonances are also tabulated
below, Al derived periodic solutions with a* == 0 have z, (0) = 0 as initial
value,

q e ® P km x2(0)

—0.061
—0.134

—0.13
—0.173

~—0.601
—0.8
—0.93
—1.029

2 0.02

|

o

——
ores eres

—0.01

3 0.2 —0.01

(SR R S A B R =R
O L O O i N

DD i e

Phase pattems for @* = 2nk/q are obtained in conformity with Remark 1 from
the phase pattern for a* = 0 by the 2mk /g shift along the , -axis.

Let us explain the physical meaning of conditions of stability and existence of
periodic solutions (1. 14), (1.15), and (2.5) for ¢ = 1. Then P, (a) and the pert-
urbing force function are of the form

2R
Py(a) = —(—1-—-_*1-_—;);3 sinfpr +2(t —v)+a](1 +ecosv)dv

0

U= — c¢cR3cos (pv + z,), ¢ = const, ¢ >0

We average U with respect to time using instead of =z, the generating solution;
the mean value of ¥ as a function of parameter @ is of the form

2n
u(o) = —c’y cos[pr +2(v—v)+a] (1 + ecosv)dv
[}

¢’ == const >0

Comparing P; with 1, taking into account the stability condition (2,5), we
conclude that the periodic (of period 2 ) solutions of system (1.4) which become
generating solutions when p = 0 can only correspond to those values of parameter

o == a* for which the time averaged perturbing force function in the generating
solution attains an extremal value, Solutions can be stable only when the extremum
is a maximum,

The obtained extremum principle is in partial agreement with the hypothesis form-
ulated in [2] according to which the force function averaged along the exact solution
of system (1. 4) has in conformity with initial data a maximum for stable resonance

motions of the form (1. 2).
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4. Let now the satellite be subjected besides gravitational effects to the moment
of tidal forces [15]
M=—to/rt

where k is a positive constant, r is the distance from the satellite to the planet, and

o s the angular velocity of satellite rotation relative to the orbital coordinate sys-
tem, Let us assume that the moment of tidal forces is of order n relative to o .
The presence of such moment results in the appearance in the right-hand side of the
second equation of system (1. 4) of the additional term

—plPE(+ecosv)®(z' +p/g) (4. 1)

?

where k; is a positive constant, and =z, and =z,” are variables of the problem
with a tidal moment,

We seek in this case a periodic soiution using the procedure applied to system(1. 4).
Since system (1,4) with allowance for (4, 1) coincides with an accuracy within p"?
with system (1, 4), all results obtained with allowance for (4. 1) coincide with an acc-
uracy smaller than p"* with respective formulas for (1,4). For +," we have

I 1 1 z £ z L 4 4. 2
‘pz'{p‘»ﬁlf352f(uf51?“)’a)=‘P2(P’§1’§2 (u, B/, o), &) 4+ (4.2)
w0 (u, BD
b= ()"t _2mgks {(1’. + 2) (1 — &) (1 432+ .B_e“) —
(-2 g 8
2 1582—44—534——%86}
where the prime indicates the presence of the tidal moment,

Let n <s. Then Eq. (4.2) is solvable for B,’ (8,’ (0, @’) = 0) only under con-
dition that & = 0 , an equality that is generally not satisfied (except for a finite
number of eccentricities),

wWhen » = s the condition of existence is of the form

Py@)+b=0
or, if ¢=1,2,3
AP singa’ 4+ b = 0
which is solvable for a’ under condition that

lo7 4L <1 (4.3)

It was shown above that s=g¢ for ¢=1,2,3 and s> 4 when ¢ > 4. Hence,
when the moment of tidal forces is fairly large (sufficient if n <s), the condition of
existence of solution of Eq, (4.2) is not satisfied, i,e. a periodic solution of system
(1.4) with allowance for (4. 1) which for u = 0 becomes the generating solution,
does not exist, For considerable ¢ much weaker tidal forces are required for"blurr-
ing* the resonance motion than in the case of ¢ = 1.

Note that although p is assumed small for each specific satellite, it is nonthe-
less finite, Consider the case of ¢ ==1,2,3. Let the magnitude of the tidal moment
be of order higher than ¢ with respect to p . In that case we assume that M =
—|plPhkae/rt i.e. &, isaninfinitely small quantity, Let us consider inequal-
ity (4.3). It follows from (3. 6) that for small eccentricities the quantity | 4%}, ¢ =
1,2,3, rapidly decreases as | p | increases, The quantity b varies relatively little
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as | p | increases, hence condition (4. 3) of existence of a periodic solution that becom-
es the generating one when p = 0 is satisfied for small | p |and not satisfied for fair-
ly large | pl. Thus for ¢ = 1, 2, 3 even small tidal moments blurr almost all reson-
ances, except a finite number of resonances with p small in absolute value .

For natural celestial bodies parameter p ~10~3 +- 10-5, If one assumes that tidal
forces are 10% times lower than gravitational perturbations, then even for such celes-
tial bodies only resonances with ¢ = 1 , and possibly ¢ = 2 , are possible when| p |
is fairly small and the orbit is slightly elliptic.

Blurring of high-order resonances with the addition of dissipative forces follows in
the general case from the theorem on the necessary conditions of synchronism in a
dynamic system [16],

Let us consider the case of n >>s and P not very large in absolute value in the
sence that the resonance is not blurred by tides, The conditions of existence of period-
ic solution of system (1,4) with allowance for (4, 1) that becomes the generating solut-
ion when p = 0 is, then, identical to the similar conditions (1, 14) and (1.15) that
relate to the case of absence of tides. Hence a'* isequal qo* , Omitting the
proof, we formulate under these conditinns the following statement for resonance mot-
ions of the type k: 2 (¢ = 1). If the roots p“) , i =1, 20of the characteristic equation
(2. 1) (in the absence of tides) differ in absolute value from unity by a quantity of ord-
er o (u™ and the moment of tidal forces is of order p» , a resonance motion with
the addition of the tidal moment becomes asymptotically stable, In particular, if
the motion is stable without tides, it becomes asymptotically stable when the tidal
moment is added,

It can be shown that |p®, i = 1,2  differ from unity at least by a quantity of
order o (u?) and, consequently, if the tidal moment is of order p? , all resonanc-
es of the type k:2, for which the conditions of existence are satisfied, are asympt-
otically stable,

REFERENCES

1. Beletskii, V. V., On the libration of a satellite. Collection; Artificial Earth
Satellites, iss, 3, Moscow. Izd. Akad. Nauk SSSR, 1959,

4, Beletskii, V. Vv.andShlakhtin, A. N,, Extremal properties of reson-
ance motions. Dokl, Akad. Nauk SSSR, Vol, 231, No.4, 1976,

3, Chernous'ko, F. L., Resonance phenomena in the motion of satellite rela-
tive to the center of mass. English translation, Pergamon Press, J. USSR,
Comput, Math, math, Physics, VolL.3, No.3, 1963.

4, Lutze, F. H. Jr, and Abbit, M. W. Jr., Rotation locks for near symmetric
satellites, Celest. Mech., Vol.1, No.1, 1969,

5, Beletskii, V. V.andLavrovskii, E. K., On the theory of resonance
rotation of Mercury. Astron. zh,, Vol. 52, No.6, 1975.

6. Kill', I D., On peridic solutions of one nonlinear equation containing a small
parameter. Izv. Akad. Nauk SSSR. Mekhanika i Mashinostroenie,No, 1, 1964.



Plane resonance rotations of a satellite 443

7. Zlatoustov, V. A,,Okhotsimskii, D. E., Sarychev, V. A,,
and Torzhevskii, A, P., Investigation of satellite oscillations in the
plane of an elliptic orbit, Kosmicheskie Issledovaniia, Vol.2, No.5, 1964,

8, Torzhevskili, A. P., Periodic solutions of the equation of plane oscillations
of a satellite in elliptic orbit, Kosmicheskie Issledovaniia. Vol.2, No.5, 1964.

9. Beletskii, V. V., Motion of an Artificial Satellite Relative to the Center of
Mass, Moscow, "Nauka", 1965,

10, Demin,V, G, and Singkh, R B., Plane nonlinear oscillations of a satell-
ite in elliptic orbit. Kosmicheskie Issledovaniia, Vol, 11, No.2, 1973,

11, Malkin, I, G., The Methods of Liapunov and Poincaré in the Theory of Non-
linear Oscillations, Moscow —Leningrad, Gostekhizdat, 1949,

12, Merman, G. A., New class of periodic solutions in the limited problem of
three bodies and in the Hill problem, Tr. Inst, Teor. Astron, Akad, Nauk
SSSR, No, 1, 1952,

13, Shimanov, S, N., On the determination of exponents of system of nonlinear
differential equations with periodic coefficients, PMM, Vol.22, No.3, 1958,

14, Blekhman, I, I,, Synchronization of Dynamic Systems. Moscow, "Nauka",
1971,

15. Goldreich, P, and Peale, S, J. The dynamics of planetary rotations,
Ann, Rev. Astron, and Astroph., Vol.6. Palo Alto, Calif,, Ann, Revs, Inc.,
1968,

16. Gurtovnik, A, S., and Neimark, Iu, I., On synchronization of dyna-
mic systems, PMM, Vol, 38, No,5, 1974,

Translated by J,J, D,



